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Probability Distributions: Introduction

o Remember: Probability theory provides a consistent framework for the quantification
and manipulation of uncertainty in data

o Density Estimation: given a finite set X4,..., Xy of observations for a random variable
X, the goal 1s to model the probability distribution p(Xx).

o We will assume that the data points are independent and identically distributed (11d).

N
p(Xy,...,Xy) = 1_[ p(Xn)
n=1

m—

o Parametric

[ Selecting a common distribution and estimating the parameters for the density function from the data

d binomial and multinomial distributions for discrete random variables

Density Estimation - Q Gaussian distribution for continuous random variables.

O Parameter estimation procedure: maximum likelihood, Bayesian method

o Non-Parametric

O Histograms, Nearest-Neighbours, Kernels



Binary Variables

Bernoulli Distribution

o Consider a single binary random variable x € {0,1}

o For example, x might describe the outcome of flipping a coin, with x = 1 representing
‘heads’, and x = O representing ‘tails’.

o The probability of x = 1 will be denoted by the parameter 0 < pu < 1 so that:
p(x =1lp) =u
o And hence:

p(x=0[w)=1—pu

o Therefore, the probability distribution over x can be written in the form:

Bern(x|u) = p*(1 —p)*=*



Binary Variables

Bernoulli Distribution

Elx] = ) ()

X

= szern(xLu) =0 X Bern(x = 0|u) + 1 X Bern(x = 1|u) = u
X

var(x) = E[(x - E[xD?] = E[(x — %] = ) (x = )*p(®)

= (0 — u)?Bern(x = 0|u) + (1 — y)zBerxn(x = 1|u)

=1 -wW+A-wu=ull-pw



Binary Variables

Bernoulli Distribution

o Now suppose we have a data set D = {x4, ..., xy} of observed values of x
o We know that D 1s derived from a Bernoulli distribution

o But, we do not know the parameter u

o So, we want to estimate ¢ using D

o The maximum likelithood approach
as, = argmaxp(DIk) = argmax]_[mxnm) —argmax]_[uxm )i

the number of

= arg max In <1_[ urn(1 — #)1—xn> observations of
K x=1
n=1

N of _ !
=argmax(Z{xnln,u+(1—xn)ln(1—u)}> @_ 1 A m
wo\ & —“MLzﬁzx":N

\ J n=1

Fw)




Binary Variables

Bernoulli Distribution

o Now suppose we flip a coin, say, 3 times and happen to observe 3 heads.
o ThenN = m = 3and uy; = 1

o Then the maximum likelihood result would predict that all future observations should
give heads!

o In fact this 1s an extreme example of the over-fitting associated with maximum
likelihood.

o Solution: Bayesian Approach

\ o
p(Dlp) X p(u)
p(D)

\
p(u|D) =




Binary Variables

Bernoulli Distribution

o Stepl:Likelihood function

—

p(Dlp) X p(u)
p(D)

p(u|D) =

N N
_ N _yN _
p(D|p) = Hp(xnlu) = nu"”(l — )t = yZn=1¥n(1 — YN=Zn=1%n = M (1 — y)N-™
n=1 n=1

o Step2: Prior Probability

O In this step we need to introduce a prior distribution p(u) over the parameter y. But how?

d Conjugacy: As the likelihood function takes the form of powers of u and 1 — u, then, if we choose a prior
to be proportional to powers of u and 1 — u, then the posterior distribution will have the same functional

form as the prior.

(d Here we choose a prior called Beta distribution:

r b
Beta(u|a,b) = F((Z)-[i:(b)) ua—l (1— ,u)b‘l
. ab
E = J—
Wl =257 varlul = S e T T D

(00}

I'(x) Ef wlteqw
C(x + 1)0= «T(x) | Proof: Homework
=1 ['(x) =x,Vx €Z




Binary Variables

Bernoulli Distribution =01 | it

b=0.1 b=1

Q Plots of Beta(u|a, b) given by for various 2|
values of the hyperparameters a and b.

O Step3 Posterior PrObablllty % 05 P 1 % 05 B 1
3 3 -
m(1 — )t x Beta(ul|a, b “=2 a=8
plulm, l,a, b) = s ) X Betalla,b)
Jo pm™ (1 — )t x Beta(ula,b)dy 7| Y

_Tla+m+b+1)
“Tla+mIb+D

a+m-1 (1 . H)bH_l

0 : 0

0 0.5 ’ 1 0 0.5 i

o Sequential Learning: The posterior distribution can act as the prior if we subsequently
observe additional data (applicable for big data).



Binary Variables

Bernoulli Distribution

o Question: How to predict the outcome of the next trial of x, given the observed data set D?

p(x = 1|D)
1
- j p(x = 1, ulD)du
0
1
- j p(x = 111D) p(ulD) dy
0
1
- j p(x = 111) p(ulD) dy
0

1
= j up(u|D) du
0

m+a

=EllDl = =77




Binary Variables

Binomial Distribution

o The number m of observations of x = 1, given that the data set has size N

N
Bin(m|N, u) = (m> pum (1 = hm

N\ N
<m> - (N —m)!'m!

N
E[lm] = 2 m Bin(m|N,p) = N e
— . Proof: Homework |

______________________________________

o Where

var[m| = Nu(1 - p)



Binary Variables

Generalized Bernoulli Distribution

o Often, we encounter discrete variables that can take on one of K possible mutually
exclusive states.

((1,0,0, ...,0)7
T
X € {s4,S2,..., Sk} 1-of-K encoding> X E < (0,1, 0,. ) \

L(0,0,0, ..., DT

o The random vector X can be described by K binary variables x4, x5, ..., Xg

X L
X2 , p(xx = p) = p K H1
X=1. Such that z Xk = K _ X U
' = ez 0, ) =1 pixln) = H“k =1
| XK k=1 k=1
1Jd




Binary Variables

Generalized Bernoulli Distribution

o Now consider a data set D of N independent observations X{, X, ..., Xy.
N
o So, we want to estimate the vector g using D my = z Xnk

o The Maximum Likelthood Approach

K
l_[H = = arg max n,uzn nk = arg max nu?k

K=1 Ui,--»UK

Lagrange “£4L — %
::: N

:]2

Ky = arg max p(D|w) = arg maxl_[p(xnlu) = arg ma

Il
=

Tl

= arg max In n,uk = arg max Z my, In y,,
K
s.t z Uk =
k=1




Binary Variables

Generalized Bernoulli Distribution Remember
: Dlw) x
o The Bayesian Approach p(u|D) = p lZzD)p(“)
K K
m Conjugacy . I'(ay) a1
p(Dlp) = Hﬂk * (Dirichlet Distribution) p(p) = Dir(ula) = I'ay)..T(ag) “kk
k=1 k=1

p(u|D) = Dir(u|a + m)

K
_ F(ao + N) Huak+mk—1
IMNa; + my) ..T(ag + my) 11 K

m = (my, ..., mg)’
Dirichlet Distribution for K = 3



Binary Variables

Multinomial Distribution

o The joint distribution of the quantities my, ..., mg, conditioned on the parameters g and
on the total number N of observations:

mg

My

-

N
Mult(my, . =
ult(mq, my, ..., mg|p) <m1m2 ...mK) B

o Where




Gaussian Distribution



The Gaussian distribution

o The Gaussian or normal distribution 1s the most important distribution for continues
variables.

o For the case of a single real-valued variable x, the Gaussian distribution 1s defined by

1 1 t o,
N(xlp,02) = - exp {—272 (x — #)2} N(z|p, o?)
(2mo?)2
 u: mean
d ¢?: variance

] o: standard deviation

1 o : .
. H
4 —: precision

pu—oc<x<u+o)=0.68
p(u—20<x<u+20) =095
p(u—30c<x<u+30)=0.99

o N(x|u,d%) =0

o [TPN(xlu,a?) =1



The Gaussian distribution

o Gaussian distribution over a D-dimensional vector x of
continuous variables

1 1 1
NEpE) = 5 —7 exp {_E x-w'Etx- u)}
(2m)z |Z|2

O u:a D x 1 mean vector

 X: a D x D covariance matrix
O |X|: The determinant of X




The Central Limit Theorem

o Mean of a set of random variables, which 1s of course itself a random variable, has a
distribution that becomes increasingly Gaussian as the number of terms in the sum
Increases

N =10

I
b

N =1 N

0
0 0.5 1 0 0.5 1 0 0.5 1

import numpy as np

from matplotlib import pyplot as plt

N = int(input())

means = []

for i in range(1,1600000)
means.append(np.mean(np.random.random(size=(N,))))

plt.hist(means,bins = 100, range=(0,1))




Prerequisites ...

Eigenvectors and Eigenvalues

o For a square matrix A of size M X M, the eigenvector equation 1s defined by

Aui = )Liui i=1,..,M
u;: Eigenvector A;: Eigenvalue

o Characteristic Equation:

o Example: ; el A
ur = [5] A =4 :5 .
2 3 | w 1!
A - [2 1 h 1 } .2: :?_:__1' E —t—t—t ir —t } uu ; .'l
up =[] = i 2 T N,




Prerequisites ...

Eigenvectors and Eigenvalues

o For most applications we normalize the eigenvectors (i.e., transform them such that
their length 1s equal to one)

wu, =1

o To normalize, we simply divide u; by its length |u;|

Normalized eigenvectors
. =43%+ 22 =+13
o Example: - [3] . lu| o 3/V13 _ [0.8331
1= 21" ™ —— Y7 2/v13] T 10,5547
2 3
A= = _ /12112 =

[2 1 ) up| =V —12 + 12 = V2 . —1/4/2 _ [—0.7071
\u2=[1],/11=—1— 2 1/\/5 0.7071




Prerequisites ...

Eigenvectors and Eigenvalues

o We can re-write the eigenvector equation in matrix form:

Eigen Decomposition A — UAU_1

Matrix Form
Au; = A;u; - AU = UA

mes—— U AU =A
iagonalization

G N 2, )

U p— U4 Uy, A p—
Am
NS ~/ o _/

1
Alli = /ll-ui = A_lAlli = A_lliui = U = /1iA_1lli — Iui = A_llli



Prerequisites ...

Eigenvectors and Eigenvalues

o If A 1s a real symmetric matrix, then its eigenvalues are real and can be chosen to form
orthonormal set, so that

1 ifi =j
Ty, = ’ ' Proof: Homework
iy {O ,otherwise
o Or @

[ |
U'u=1 = Uv'uu'=u'=0"
o Then

M
A =UAU1 =UuAUT = Z AiuiuiT A very nice property ©
=1

l

M
1
Al =UATUT=UuATUT= 2 A—uiuT Another nice property ©
i=1 "



Prerequisites ...

Eigenvectors and Eigenvalues
o The rank of matrix A 1s equal to the number of nonzero eigenvalues.
o A matrix A 1s called positive definite 1f its eigenvalues are strictly positive.
o A matrix A 1s called positive semidefinite 1f its eigenvalues are nonnegative.

o The product of the eigenvalues of A is the same as |A|. Therefore, A is invertible if and
only 1f it does not have a zero eigenvalue (its rank equals M)

o Generally the covariance matrix for the Gaussian distribution (¥) 1s symmetric and
positive definite.



Prerequisites ...

Mahalanobis Distance

o The Euclidean distance of a point from the mean (example for a 2D variable):

Vx =02+ (y - 7)?

® 9
10 . °
™
os4{ * .‘ ° ° -
0.0 * .
y ® 'o ® °
os . o ¥y ¢ .
e®e ¢ °
-10 A . . o *
' ™
e * o ®
=15 ®
-2.0 9 :
-2 -1 0 1 2



Prerequisites ...

Mahalanobis Distance

o However, Euclidean distance has limitations in real datasets, which often have some
degree of covariance

4 - @
&
2.
y .
-2 -
@
@
-4 41 @
-8 -6 -4 -2 0 2 3 6



Prerequisites ...

Mahalanobis Distance

o The 1dea of Mahalanobis distance 1s to remove the covariance by treating each eigenvector
as a new axis, shrink the axis by ,/4;, then calculate distance between points

D?=(x-20Ts1(x—x)
/

Data mean vector

Data covariance matrix




Prerequisites ...

Jacobilan Factor

o Under a nonlinear change of variable, a probability density transforms differently from a
simple function, due to the Jacobian factor.

o For instance, if we consider a change of variables x = g(y), then a function f(x)

becomes h(y) = f (g(y))
o Now consider a probability density p,. (x)

O Observations falling in the range (x, x + dx) have probability p, (x)dx
O By transforming them, we make them fall in the range (y,y + 8y)
O Observations falling in the range (y, y + §y) have probability p,, (y)&y

d d
P = D,y T 2y, 0) = pa) [ o

o In the case of multivariate probabilities, in going from X to y coordinate system, we have:
0 X

0y

= pr(x) = px()]g’' )]

p(y) = p(®)l]l Where J



The Gaussian distribution

o The geometric form of the Gaussian distribution

O The Gaussian distribution depends on X is through the quadratic form

A =x-w'Z 1 (x—p
 The quantity A is the Mahalanobis distance from u to x

O This quantity reduces to the Euclidean distance when X = 1

O The Gaussian distribution will be constant on surfaces in x-space for which A? is constant.



The Gaussian distribution

o Consider the eigenvector equation for X (this matrix is real symmetric)

Zui =/1iul- ,i= 1,...,D
U Eigenvectors form an orthonormal set u;u; = :
0 ,otherwise
. . D
0 X can be expressed as an expansion of its T
. X = /’[illilli
eigenvectors —
L=
D
U The inverse covariance matrix can be expressed _1 Z 1 T
X = —u;u;
as s A
1=



The Gaussian distribution

o By substituting the inverse covariance matrix into the quadratic form A?

D D
1 — iV T anl (v —
A2 =(x—wIE(x—pn) =x-pT (E :Iuiu?> - = z x—w uyu; (x—p
=1 ' i=1

A
D

=1

>J|‘<

With y; = uj (x — p)

{

o Forming the vectory = (y4, ..., yp)! we have:

y=UX-pw

o U is an orthogonal matrix whose rows are u; (i.e., UUT = Tand UTU =)



The Gaussian distribution

o We can interpret {y;} as a new coordinate system defined by the orthonormal vectors u;
that are shifted and rotated with respect to the original x; coordinates.

o The quadratic form, and hence the Gaussian density, . .
will be constant on surfaces for which A? \/
2 o
_VvD Yi:
= D1 2, 18 constant. "

o For positive A;, the surfaces are ellipsoids

O Centered in u and axis oriented along u;.
1
[ The scaling factor in the directions of the axis are A; >




The Gaussian distribution

o Now consider the form of the Gaussian distribution in the new coordinate system defined
by the Vi

o In going from the X to the y coordinate system, we have a Jacobian matrix |

0x; y=Ux-pw
ay; ) >x=Uly+u=UTy+u

o Using the orthonormality property of the matrix U:

J12 = [UT|2 = [uT||UT| = |UT||U] = [UTU| = I|=1 = ]| =1

D " D 1
zi=] |y =mr=] |2
j=1 J=1

o Moreover



The Gaussian distribution

o Thus in the y; coordinate system, the Gaussian distribution takes the form

p(y) = pX)|]| = p(x)

1
=py)=—75 3 exp{—zA} P =" 1

A%= zyl and IZIZ 1_[/12 ; . {
exp —

N| =

INgE
|
N———

o Therefore p(y) is the product of D independent univariate Gaussian distributions



The Gaussian distribution

da) General ¥ e— D(D+3)

parameters

[ b) Diagonal ¥ === 2D parameters

Qc)X =g2] == D+ 1parameters



Conditional Gaussian distribution

Property 1 of the Gaussian Distribution: If two sets of variables are jointly Gaussian, then
the conditional distribution of one set conditioned on the other 1s again Gaussian.

P(X; Y) =N ((X: Y)lu(x,y)»z(x,y)) = p(X|Y) =N ((X|Y)|ux|y'ley)

o Suppose X is a D-dimensional vector with Gaussian distribution NV (X|p, X)
d we partition X into two disjoint subsets X, and X;,.

d Without loss of generality, we can take x, to form the first M components of X, with X; comprising the
remaining D — M components,

J Then

x= (%)



Conditional Gaussian distribution

o We also define corresponding partitions of

)) )
J the mean vector u givenby U = (Zg) O The covariance matrix Y = (zaa ab)
ba

Q Because X is symmetric (£ = E7T) then £,, and £, are also symmetric and ,;, = X1,
o In many situations, it is convenient to work with the precision matrix: A = 271

A A
 The corresponding partition for A: A= ( aa ab)
Apg  App

d Because the inverse of a symmetric matrix is also symmetric then A,, and A, are also symmetric and
_ AT
Aab — Aba

O It should be stressed that, for instance, A, is not simply given by the inverse of X ;.



Conditional Gaussian distribution

o We have
p(X) = p(Xg, Xp) = N (X|W, X)

p(Xa» Xb) _ p(Xa, Xb) Not an easy approach
PXp) [T p(xq,Xp)dXq -

= p(xalxb) —

Better approach (Analytical Method):

o Remember

 The Gaussian distribution depends on X is through the quadratic form

A =x-pE x—p

o Therefore, to show that p(X,|Xx;) is Gaussian, we need to proof that p(x,|x,) has a
similar quadratic form with respect to X,,.



Conditional Gaussian distribution

o We have

A =x-wW'EZ M (x—p
() )) G () -
B Xp Hp Apa  App Xp Hp

1 1
- E (Xa o l'la)TAaa (Xa _ I"a) B E (Xa o ”a)TAab (Xb _ ﬂb)

1 1
) Xp — tp) " Apa(Xg — pg) — P (Xp — 1p) " App(Xp — Hp)

o We see that as a function of X,, this is a quadratic form, and hence the corresponding
conditional distribution p(x,|x;) will be Gaussian.



Conditional Gaussian distribution

o Question: How to find py |, and £, |y, for p(X4|xp)?

o Answer: Using an approach called Completing the Square

O For a general Gaussian distribution V' (x|, X), the exponent can be written as:

1
x—pWIZ i (x—p) = —EXTZ‘lx +xT2"1u + const

d For p(x4|x3), we have:
2 1 T 1 T
A% = — E (Xa _ I"a) Aaa(xa _ ﬂa) - E (Xa _ ﬂa) Aab(xb T ﬂb)

1 1
—3 (Xp — tp) Apa(Xg — Hg) — 5 (xp — up) " App(Xp — H1p)

O If we pick out all terms that are second order in X, we have

1 1 _
%A%, D S = M= D, = Ad



Conditional Gaussian distribution

O For p(x4|Xp), we have:
5 1 T 1 T
A = _E (Xa o ﬂa) Aaa(xa o ﬂa) - E (Xa _ ﬂa) Aab(xb B I"b)
1 1
) (xp — up) " Ape(Xg — 1g) — P (xp — 1p)" App(Xp — 1)

O If we pick out all terms that are linear in X, we have

= Hq — AaéAab(Xb - ﬂb)



Conditional Gaussian distribution

. — [ Xqa — a ) ) A A ’
o summary: x= () = (i) no (B 2oy a-(fe Ao

)X = A} Hx, |x, — Ha — A:léAab (Xp — Up)

XaqlXp

o Question: How to find py |4, and Zy |, 1n terms of X (not A)

d We can use the following identity:

A B\ ( M —~MBD! ) Where ~10)71
= M= (A-BDIC
(C D) ~-D"'CM D'+ D 'CMBD! ( )
d B _1 -1
(zaa zab)‘l _ (Aaa Aab) ‘ Aaa = (Baa = ZabZop~ Zba)
-1
Zba be Aba Abb Aabz_(zaa_zabzbb_lzba) 2:atbzI;bl
d

_ -1 _
Ly, lxp = Agg = (zaa — XapZpp 2:ba) Hx,ix, = Ha T ZapZpp 1(Xb — Up)



Marginal Gaussian distribution

Property 2 of the Gaussian Distribution: If two sets of variables are jointly Gaussian, then
the marginal distributions 1s again Gaussian.

p(x, Y) =N ((X: Y)lu(x,y):z(x,y)) — p(x) — N((X)lux:zx)

=C) w=() == I) A

(Aaa Aab)
Apg  App
o Similar to conditional probability, we can prove that

p(x) = N(X|p, X) ‘ p(X3) = N (Xa|1a, Xaa)



Bayes’ Theorem for Gaussian Variables

Property 3 of the Gaussian Distribution: Given a marginal Gaussian distribution for X and a
conditional Gaussian distribution for y given X in the form

p(x) = N(x|p, A7)
p(y|x) = N (y|Ax + b, L)

The joint distribution of X and y 1s given by

X U A—l A—lAT )
Y =N (
P(x.y) ((y) | (Au + b) AA™l L'+ AATIAT )

o We find an expression for the joint distribution p(X,y).

=)

[ To do this, we define



Bayes’ Theorem for Gaussian Variables

1 Then we have
p(z) = pOp(yIx) = N (x|p, A1) X N (y|Ax + b, L™
 Considering the log of the joint distribution
Inp(z) = Inp(x) + Inp(y[x)
= —%(x —wWIAE—p) — % (y — Ax — b)TL(y — Ax — b) + const

1 As before, we see that this is a quadratic function of the components of z, and hence p(z) is Gaussian
distribution.

. . . : : Remember: Completing the S
 To find the precision of this Gaussian, we consider the e -Oompie i
x—-wWiZlx—pn =—=x"Tx+x"=2u + const

second order terms 5

1 1 1 1
— ExT(A + ATLA)x — SY'Ly + oy LAX +ox ALy

T
__1(x (A+ATLA —ATL) S R ST ‘ 2_1:(A+ATLA —ATL)
2 \y —LA L y 25 z —LA L



Bayes’ Theorem for Gaussian Variables

-1 _1
Remember A B\ " _ ( M —MBD ) 1
( ) _D—1CM D—l + D—1CMBD—1 Where M = (A — BD_1C)

1 Then

5 — (A + ATLA —ATL>_1
=

( A1 AIAT )
—LA L

AA™1 L 14 AAIAT

1m1 . Remember: C leting the S
 Similarly, we can find the mean of the Gaussian ompleting the Squares

distribution over z by identifying the linear terms

T
x\ (Ap—A'Lb
xTAu — xTATLb + yTLb = (y) ( # - ) =z 1, ‘

_5 Ap—A'Lb\ ( A-L A-1AT ) Ap—ATLb) U
Hz =22 b “\AA1 L1 4 AAIAT Lb “\Ap+b

1
x-wWiZlx—pn = —EXTZ‘lx +xT2 1y + const




Bayes’ Theorem for Gaussian Variables

Property 4 of the Gaussian Distribution: Given a marginal Gaussian distribution for X and a
conditional Gaussian distribution for y given X in the form

p(x) = NV (x|p, A7)
p(ylx) = V(y|Ax + b, L")
The marginal distribution of y 1s given by
p(y) = V(y|Ap + b, L™t + AATIAT)

o It 1s obvious from properties 2 and 3.

Remember

Ll ¢ B R )

(Aaa Aab)
Aba Abb

p(x) = N(Xlll, X) = P(Xa) — N(Xalua» 2:aa)




Bayes’ Theorem for Gaussian Variables

Property 5 of the Gaussian Distribution: Given a marginal Gaussian distribution for X and a
conditional Gaussian distribution for y given X in the form

p(x) = NV (x|p, A7)
p(ylx) = V(y|Ax + b, L")
The conditional distribution of X given y is
p(x|y) = NV (x|Z{ATL(y — b) + Ap}, ) Where X =(A+ ATLA)_l

o It 1s obvious from properties 1 and 3.

Remember

() oe=G) o e=G ) A=l a)

p(x) = N x| X) = p(XalXp) = N (Xa|pg — AgaAap(Xp — p), Aga)




Maximum Likelithood for the Gaussian

o Given a data set X = (Xq,...,Xy) " in which the observations {x,,} are assumed to be
drawn independently from a multivariate Gaussian distribution, we can estimate the
parameters of the distribution by maximum likelihood.

N
My, ZmL = argmax p(X|p, X) = arg maXﬂp(inu, X)
X X N
n=1 1
. 1 1 1 Uy = Nz Xn
= arg “&%"n 5 1 €XP {_E(Xi - wW'E(x; - u)} n=1
T n=1(2m)2 |X|2
1 N
N —
1 1 1 z =—Z(x — M) X — M)
= arg m%xlnl_[ = — exp {_E(Xi — Wiz 1(x; — p.)} ME N L mo PMLAATn ML
M a1 2oz |22
ND N RN
= argmax ——In(2n) — =In|X| — —E(Xn —wWEx,—wW |
H> 2 2 2 | i
n=1 _ . Proof: Homework

______________________________________



Maximum Likelithood for the Gaussian

o In the case of D = 1 (univariate Gaussian distribution):

N N
1 2 1 2
UmL =Nz Xn OML =N2(xn_.uML)
n=1 n=1

o Question: Are Wy, and X,,; good estimations for L and X?

L A good estimation & for parameter a should be unbiased to the data set

Eld] = a
O For the cases of pny,;and X,,; we have:
N -1
Elpp] = 1 E[Zy.] = N )
© ®

o A better (unbiased) estimation for o

N
N-1

N

- 1

L= Ly = N1 Z(Xn — ) X — M)’
n=1



Bayesian Inference for the Gaussian

o The maximum likelithood framework gave point estimates for the parameters pu and X.

Now we develop a Bayesian treatment by introducing prior distributions over these
parameters.

o We will consider the following cases

( The variance is known, and we consider the task of inferring the mean

( The mean is known, and we consider the task of inferring the variance



Bayesian Inference for the Gaussian

o Case 1: The variance 1s known, and we consider the task of inferring the mean
 Let us begin with a simple example in which we consider a single Gaussian random variable x (D = 1) .

O We shall suppose that the variance o2 is known, and we consider the task of inferring the mean u given a
set of N observations X = {x4,...,xy}.

d The likelihood function: Remember p(D|u) X p(u)

p(u|D) = D)

N

N
1 1
pXIw) = | [pCali) = ——gexp] -5 > G = 02
n=1

n=1 (2mo?2)2 20

O The likelihood function takes the form of the exponential of a quadratic form in u. If we choose a
Gaussian prior p(u), it will be a conjugate distribution for the likelihood function.

 The posterior is a product of two exponentials of quadratic functions of u and hence will also be
Gaussian.



Bayesian Inference for the Gaussian

d We take our prior distribution to be
p() = NV (u|po, 0§)

 The posterior distribution is given by

p(u[X) < p(X[w)p(u)

 Some manipulations involving completing the square in the exponent allow to show that the posterior
distribution 1s given by

p(uX) = N (u|uy, %)

. o? Noé
HN NO'(?-I-O'ZHO No¢ + 2 HmL
1 1 N
=== 4 —



Bayesian Inference for the Gaussian

Un =

o2 N No§ 1
_N0§+02M0 No§ + o ;

> HmL
On

N

= — 4+ —

0-2

] Note that upy (the mean of the posterior distribution) is a
compromise between the prior mean (i) and the maximum
likelithood solution py; .

» If N = 0, uy reduces to the prior mean.

» For N — oo, the posterior mean equals
the maximum likelihood solution.

d As we increase the number of observed data points, the
precision steadily increases, corresponding to a posterior
distribution with steadily decreasing variance.

» With no observed data points, we have the prior variance

» If N > oo, the variance of —» 0 and the posterior
distribution becomes infinitely peaked around u,,;

-1 0 1

Figure. The data points are generated from a
Gaussian of mean 0.8 and variance 0.1, and
the prior is chosen to have mean 0.



Bayesian Inference for the Gaussian

o Case 2: The mean 1s known, and we consider the task of inferring the variance

 The likelihood function (It turns out to be most convenient to work with the precision A = =)

N N
N A
p<X|A)=\ \N(xnlu,ﬂ)oczz exp —52%—#)2
n=1 n=1

O The corresponding conjugate prior should therefore be proportional to the product of a power of A and the
exponential of a linear function of A.

 This corresponds to the gamma distribution which is defined by

1
Gam(A|a, b) = —— b?1%~ 1 exp(—bA) E[A] =% ,var[A] = b%
I'(a)

2 2 2 '

a=0.1 a=1 a=4

b=0.1 b=1 b==6
IL | 1\ 1/\
0 0 : 0




Bayesian Inference for the Gaussian

 Consider a prior distribution Gam(A|ag, by). Multiplying by the likelihood function, we obtain a the
following posterior distribution

N
N A
pAIX) o A%112 expd —byd — 5 Z(xn — )2
n=1

 which we recognize as a gamma distribution of the form Gam(A|ay, by) where

ay = Qo 5

N
1 N
by = b +5 ) (tn = )% = by + = ofy
n=1



Mixtures of Gaussians

o While the Gaussian distribution has some important analytical properties, it suffers from
significant limitations when 1t comes to modelling real data sets.

100

Figure: A single Gaussian distribution fitted to the data using maximum
likelihood.

80
o Note that this distribution fails to capture the two clumps in the data and indeed
places much of its probability mass in the central region between the clumps
a0l where the data are relatively sparse.

60

100

Figure: A linear combination of two Gaussians fitted using maximum likelihood

80|

o Such superpositions, formed by taking linear combinations of more basic
distributions such as Gaussians, can be formulated as probabilistic models
known as mixture distributions

60 |

40



Mixtures of Gaussians

Figure: Example of a Gaussian mixture distribution in one
dimension

o Three Gaussians (blue) and their sum (red)
o We can get very complex densities

>
X

o By using a sufficient number of Gaussians, and by adjusting their means and
covariances as well as the coefficients in the linear combination, almost any continuous
density can be approximated to arbitrary accuracy.

o We consider a mixture of K Gaussian densities of the form
K

p(x) = z T N (X| Wy, Zg)

k=1



Mixtures of Gaussians

o We consider a mixture of K Gaussian densities of the form

K

p(x) = z e NV (X| g, Zg)

k=1

K
L The parameters m;, are called mixing coefficients. 0 <m, <1 and z T =1
k=1

Figure: A mixture of 3 Gaussians in a two-

dimensional space

0.5

o (a) Contours of constant density for each
of the mixture components (b) Contours
of the mixture distribution p(x). (c) A
surface plot of the distribution p(x).




